Orbifolding the Membrane Action by Terashima, Seiji & Yagi, Futoshi
ar
X
iv
:0
80
7.
03
68
v3
  [
he
p-
th]
  8
 D
ec
 20
08
YITP-08-55
Orbifolding the Membrane Action
Seiji Terashima1∗ and Futoshi Yagi1†
1Yukawa Institute for Theoretical Physics, Kyoto University, Kyoto 606-8502, Japan
Abstract
We study a simple class of orbifolds of the N = 6 Chern-Simons Matter theory pro-
posed by Aharony, Bergman, Jafferis and Maldacena. They are considered as world
volume theories of membranes probing C4/(Zk×Zn) and include new membrane theories
with N = 4 supersymmetries. We find that the moduli spaces of them are consistent with
the fact that they probe C4/(Zk × Zn).
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1 Introduction
The works of Bagger and Lambert [1, 2, 3] and Gustavsson [4] made breakthrough on the
study of multiple membranes. Recently, three dimensional N = 6 Chern-Simons theory
with gauge group U(N) × U(N) were constructed by Aharony, Bergman, Jafferis and
Maldacena (ABJM) [5] and many aspects of the theory have been explored recently [6]-
[23].3 This theory at level k is suggested to describe the world volume theory of M2 branes
probing C4/Zk, where the discrete group Zk act complex coordinate y
A (A = 1, · · · , 4) as(
y1, y2, y3, y4
)
→
(
e
2pii
k y1, e
2pii
k y2, e
2pii
k y3, e
2pii
k y4
)
. (1.1)
This proposal is very interesting and it is desirable to investigate this theory further. In
order to get more examples of the multiple membrane theory, the orbifolding will be very
useful. Indeed, the orbifold of the ABJM theory with gauge group SU(2) × SU(2), i.e.
the BLG case, and its moduli space were studied in [24] and two different Zn orbifolds of
the ABJM theory with U(N)× U(N) were studied in [6].4
In this paper, we study a general class of Zn orbifold theories of ABJM with U(N)×
U(N) gauge group, and find another N = 4 supersymmetric membrane theory. This
discrete group Zn act as rotation of the phase of the complex coordinate y
A as(
y1, y2, y3, y4
)
→
(
e
2pii
n1 y1, e
2pii
n2 y2, e
− 2pii
n3 y3, e
− 2pii
n4 y4
)
.
We also study the moduli spaces of the Zn orbifolds of the ABJM action for following two
cases
(I) (n1, n2, n3, n4) = (n, n,−n,−n),
(II) (n1, n2, n3, n4) = (n, n,∞,∞), (1.2)
which preserve N = 4 supersymmetry. For convenience, we allow nA =∞, which means
that yA is invariant under this action. We find they are consistent with the fact that they
probe C4/(Zk × Zn), where we assume that k = k′ n where k′ ∈ Z.
3It has been shown that the Bagger-Lambert theory with SO(4) structure can be written as a Chern-
Simons-matter theory [25]. and it describes membranes on an orbifold [26, 27].
4Our models considered in section 4.1 and section 4.2 were the same models considered in [10], whose
analysis turns out to be consistent with ours although we independently did this work.
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The organization of this paper is as follows. We begin in section 2 with a brief
summary of ABJM theory. Next we discuss in section 3 the classification of Zn orbifold of
ABJM theory and analyze supersymmetry of the orbifold theory. In section 4, we analyze
the moduli space of several examples of orbifold gauge theory. Section 5 is devoted to
conclusions and discussions.
2 ABJM theory
In this section, we briefly review the ABJM theory [5]. This theory is U(N)1 × U(N)2
gauge theory with corresponding vector superfields V, Vˆ, which are not dynamical, and
with hypermultiplet superfields in bifundamental and anti-bifundamental representation
ZA = ZA + θζA + θ2FA
WA = WA + θωA + θ2GA, (2.1)
where A = 1, 2. The global symmetries which can be seen explicitly are SU(2)1 which act
only on Z and SU(2)2 which act onW. The matter contents and the manifest symmetries
are summarized in Table 1.
U(N)1 U(N)2 SU(2)1 SU(2)2
Z N N¯ 2 1
W N¯ N 1 2
V Adjoint 1 1 1
Vˆ 1 Adjoint 1 1
Table 1: Matter contents and symmetry
Actually, this theory also has SU(2)R symmetry, under which (Z
1,W †1) and (Z2,W †2)
form multiplets. As this symmetry does not commute with SU(2)1 × SU(2)2 symmetry
mentioned above, the theory must have SU(4)R symmetry as a whole. Four scalars
yA ≡ {ZA,W †A} (2.2)
form a fundamental representation of this SU(4)R while four fermions
ψA ≡ {εABζ
Be
ipi
4 , εABω
†Be
−ipi
4 } (2.3)
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form an anti-fundamental representation [5, 6]. Existence of SU(4)R ≃ Spin(6)R sym-
metry indicates N = 6 supersymmetry. Six supersymmetry generators are in the vector
representation of the Spin(6)R, or equivalently, in the antisymmetric tensor representation
of the SU(4)R.
The action of this theory in a superspace formalism is given by [6]. After integrating
out auxiliary fields, the action is given by [5, 6]
S =
∫
d3x
[
k
4pi
εµνλTr
(
Aµ∂νAλ +
2i
3
AµAνAλ − Aˆµ∂νAˆλ −
2i
3
AˆµAˆνAˆλ
)
−Tr(DµZ)
†DµZ − Tr(DµW )
†DµW + iTrζ†γµDµζ
+iTrω†γµDµω − Vbos − Vferm
]
(2.4)
with the potential Vbos = V
bos
D + V
bos
F , where
V bosD =
4pi2
k2
Tr
[
(ZAZ†A +W
†AWA)(Z
BZ†B −W
†BWB)(Z
CZ†C −W
†CWC)
+(Z†AZ
A +WAW
†A)(Z†BZ
B −WBW
†B)(Z†CZ
C −WCW
†C)
−2Z†A(Z
BZ†B −W
†BWB)Z
A(Z†CZ
C −WCW
†C)
−2W †A(Z†BZ
B −WBW
†B)WA(Z
CZ†C −W
†CWC)
]
V bosF = −
16pi2
k2
Tr
[
W †AZ†BW
†CWAZ
BWC −W
†AZ†BW
†CWCZ
BWA
+Z†AW
†BZ†CZ
AWBZ
C −W †AZ†BW
†CZCWBZ
A
]
(2.5)
and Vferm = V
ferm
D + V
ferm
F , where
V fermD =
2pii
k
Tr
[(
ζ†Aζ
A − ωAω
†A
)(
Z†BZ
B −WBW
†B
)
−
(
ζAζ†A − ω
†AωA
)(
ZBZ†B −W
†BWB
)]
+
8pii
k
Tr
[(
Z†Aζ
A − ωAW
†A
)(
ζ†BZ
B −WBω
†B
)
−
(
ζAZ†A −W
†AωA
)(
ZBζ†B − ω
†BWB
)]
V fermF =
2pi
k
εACε
BDTr
[
2ζAWBZ
CωD + 2ζ
AωBZ
CWD +Z
AωBZ
CWD + ζ
AWBζ
CWD
]
+
2pi
k
εACε
BDTr
[
2ζ†AW
†BZ†Cω
†D + 2ζ†Aω
†BZ†CW
†D
+Z†Aω
†BZ†CW
†D + ζ†AW
†Bζ†CW
†D
]
(2.6)
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Here, Aµ and Aˆµ are gauge fields for U(N)1 and U(N)2, respectively.
Full global symmetry acting on the moduli space of this theory is actually SU(4)R ×
U(1)b. The U(1)b symmetry is originally an over all U(1) part of the gauge symmetry
U(N)1 × U(N)2, whose corresponding gauge field is Tr
(
Aµ − Aˆµ
)
. Due to the Chern-
Simons term, this U(1)b symmetry is ungauged on the moduli space except for its subgroup
Zk [5], where Zk acts on 4 complex coordinates y
A as
yA → e2pii/kyA A = 1, 2, 3, 4. (2.7)
This theory is suggested to describe the world volume theory of N M2 branes probing
C4/Zk. In particular, for k = 1 and k = 2, the global symmetry is expected to be
Spin(8)R, which indicate N = 8 supersymmetry. The global SU(4)R × U(1)b symmetry
can be regarded as a subgroup of the full Spin(8)R symmetry.
3 Orbifold action and supersymmetry
In this section, we consider orbifold gauge theory of the ABJM theory and calculate how
many supersymmetries are preserved. First, we introduce eight supercharges, which are
transformed as a spinor of the full Spin(8)R symmetry. They are labeled by spin weight
sA = ±1/2. From chirality condition, we have the condition
s1 + s2 + s3 + s4 = 2Z. (3.1)
The Zk acts on the SUSY generators as
Qs1,···s4 → e
(s1+s2+s3+s4)2pii/kQs1,···s4. (3.2)
Thus, the spinors left invariant by this orbifold action satisfies the condition
s1 + s2 + s3 + s4 = kZ. (3.3)
For k = 1, 2, this condition are included by (3.1). The theory has N = 8 supersymmetry
in this case. For k ≥ 3, six out of eight spinors satisfies this condition, which indicates
N = 6 supersymmetry.
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We consider further orbifolding by the following Zn action
yA → e2pii/nAyA, A = 1, 2, 3, 4 (3.4)
which is a subgroup of the global SU(4)R × U(1)b symmetry. For convenience, we allow
nA =∞, which means that yA is invariant under this action. As this transformation acts
on the SUSY generators as
Qs1,···s4 → exp
[
2pii
(
s1
n1
+
s2
n2
+
s3
n3
+
s4
n4
)]
Qs1,···s4, (3.5)
the invariant generators under this action satisfy
s1
n1
+
s2
n2
+
s3
n3
+
s4
n4
= Z. (3.6)
Solution of (3.3) and (3.6) are the remaining supersymmetry generators under a given Zn
orbifold action (3.4). Generically, if you find the solution satisfying (3.3) and (3.6), same
{nA} with opposite sign of {sA} of the solution is also a solution. Thus, the number of
the remaining supersymmetry generators is always even.
The above discussion is based on the assumed Spin(8)R symmetry, which is not man-
ifest in the ABJM action even for k = 1, 2. However, the same results will be obtained
even if we start from the global SU(4)R×U(1)b symmetry, which is manifest in the action
given in [6]. The important point here is that U(1)b transformation commutes with super-
symmetry transformation. Indeed, we can see it from the explicit N = 6 transformation
[14, 18, 21, 22], taking account that U(1)b act on scalars and fermions as y
A → eiφyA
and ψ†A → e−iφψ†A. Thus, only the Zn orbifold action included in the SU(4)R part can
break the supersymmetry. As the six spinors above, which satisfy (3.3), are in an anti-
symmetric tensor representation of this SU(4)R symmetry, we see that spinors invariant
under Zn ⊂ SU(4)R remain as symmetries of the orbifolded theory.
In section 4, we will use the N = 2 superfields instead of the SU(4)R manifest form
because we translate the orbifold action to the orbifolds of the superfields for the examples
we will study.
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For simplicity, we assume that k ≥ 3. In the following, we analyze which Zn orbifold
action preserves supersymmetry and how many supersymmetries are preserved under
that action. As nA = ∞ and nA = 1 are special, we classify the solutions according to
the number of them. Note that the action (3.4) for scalars is the same for nA = 1 as
that for nA = ∞. However, the action for SUSY generators (3.5) is different between
|nA| = 1 and nA = ∞. This difference come from whether the orbifold action include
the Z2(⊂ Spin(8)R) action which changes the sign of matter fermions while does not act
on scalars. As we will see later, the number of the preserving supersymmetry is different
between nA = ∞ and nA = 1 for some cases. On the other hand, for example, nA = 1
and nA = −1 are equivalent both for (2.7) and (3.5).
(I) C4
We consider the case where all the nA are either ∞ or 1. This orbifold action does not
act on the scalars yA at all, but potentially acts on SUSY generators as Z2 action.
(i) All the nA are ∞
This case is trivial because it corresponds to the unorbifolded case.
(ii) Three of nA are ∞ and one of nA is 1
Let n1 = 1 and n2 = n3 = n4 =∞ without loss of generality. The condition (3.6) reduces
to
s1 = Z.
This cannot be satisfied.
(iii) Two of nA are ∞ and two of nA are 1
From (3.2), we see that Zn acts trivially not only on the scalars but also the SUSY
generators. Thus, this case also corresponds to the unorbifolded case.
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(iv) One of nA is ∞ and three of nA are 1
Let n1 = n2 = n3 = 1 and n4 =∞ without loss of generality. The condition (3.6) reduces
to
s1 + s2 + s3 = Z.
This condition cannot be satisfied.
(v) All the nA are 1
This case also corresponds to the unorbifolded case.
(II) C3 × C/Zn
We consider the case where three out of four nAs are either ∞ or 1, the other is generic.
This is the case where Zn acts on only one out of the four scalars.
(i) Three of nA are ∞
Let n2 = n3 = n4 =∞ without loss of generality. The condition (3.6) reduces to
s1
n1
= Z.
This cannot be satisfied for any finite n1.
(ii) Two of nA are ∞, one of nA is 1
Let 1 < |n1| < ∞, n2 = 1, n3 = n4 = ∞ without loss of generality. The condition (3.6)
reduces to
s1
n1
+ s2 = Z.
This cannot be satisfied because 1 < |n1| <∞.
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(iii) One of nA is ∞, two of nA are 1
Let 1 < |n1| < ∞, n2 = n3 = 1, n4 = ∞ without loss of generality. The condition (3.6)
reduces to
s1
n1
+ s2 + s3 = Z.
This cannot be satisfied because 1 < |n1| <∞.
(iv) Three of nA are 1
Let 1 < |n1| < ∞, n2 = n3 = n4 = 1 without loss of generality. The condition (3.6)
reduces to
s1
n1
+ s2 + s3 + s4 = Z.
This cannot be satisfied because 1 < |n1| <∞.
(III) C2 × C2/Zn
We consider the case where two out of four nAs are either ∞ or 1, others are generic.
This class of orbifolding has been investigated in [6].
(i) Two of nA are ∞
Let 1 < |n1|, |n2| <∞, n3 = n4 =∞. The condition (3.6) reduces to
s1
n1
+
s2
n2
= Z.
As sA = ±1/2, in order for this condition to have solutions, (n1, n2) have to satisfy
1
n1
±
1
n2
= 2Z,
which is equivalent as
n1 = ±n2.
We consider the cases for each sign in the following.
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(1) n1 = n2 ≡ n
As |n| ≥ 2 and k ≥ 3, (3.3) and (3.6) are reduced to the following two equations
s1 + s2 = 0, s3 + s4 = 0. (3.7)
Four spinors
(s1, s2, s3, s4) = (+,−,+,−), (+,−,−,+), (−,+,+,−), (−,+,−,+)
satisfies these conditions, which indicates N = 4 supersymmetry. For brevity, we wrote
“+′′ for 1/2 and “−′′ for−1/2. This is the “non-chiral orbifold gauge theories” investigated
by [6].
(2) n1 = −n2 ≡ n
In this case, (3.3) and (3.6) are reduced to the following two equations
s1 − s2 = 0, 2s1 + s3 + s4 = 0. (3.8)
Two spinors
(s1, s2, s3, s4) = (+,+,−,−), (−,−,+,+) (3.9)
satisfies these conditions, which indicates N = 2 supersymmetry. This is the “chiral
orbifold gauge theories” investigated by [6].
(ii) One of nA is ∞, another of nA is 1, others are generic
Let 1 < |n1|, |n2| < ∞, n3 = 1, n4 = ∞ without loss of generality. The condition (3.6)
reduces to
s1
n1
+
s2
n2
+ s3 = Z. (3.10)
As sA = ±1/2, in order for this condition to have solutions, (n1, n2) have to satisfy
1
n1
±
1
n2
= 2Z+ 1,
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which is equivalent as
|n1| = |n2| = 2.
When n1 and n2 have the same sign, (3.10) further reduce to
s1 + s2 + 2s3 = 2Z,
which is equivalent as
s1 + s2 = 2Z+ 1.
Together with (3.3), the remaining spinors are following two
(s1, s2, s3, s4) = (+,+,−,−), (−,−,+,+), (3.11)
which indicates N = 2 SUSY. When n1 and n2 have the opposite sign, the condition
becomes
s1 − s2 = 2Z+ 1.
In this case, the remaining spinors are
(s1, s2, s3, s4) = (+,−,−,+), (+,−,+,−), (−,+,−,+), (−,+,+,−), (3.12)
which indicates N = 4 SUSY.
Compared with the results in (III)-(i), in which two of nA are ∞, the preserving
supersymmetry is exchanged between n1 = n2 and n1 = −n2.
(iii) Two of nA are 1, others are generic
This orbifold action is equivalent as (III)-(i).
(IV) C× C3/Zn
We consider the case where one out of four nAs is ∞ or 1.
10
(i) One of nA is ∞.
Let n4 =∞. The condition (3.6) reduces to
s1
n1
+
s2
n2
+
s3
n3
= Z.
From (3.3), two of the sA are 1/2 while others are −1/2. Thus, in order for this condition
to have solutions, (n1, n2, n3) have to satisfy
1
n1
+ 1
n2
− 1
n3
= 2Z. As |n1|, |n2|, |n3| ≥ 2, the
absolute value of the left hand is less than two. Thus, the condition we should solve is
1
n1
+
1
n2
−
1
n3
= 0.
This equation has infinitely many solutions as
(n1, n2, n3) = (2n, 2n, n), (6n, 3n, 2n), (12n, 4n, 3n) · · · .
For all these cases, the remaining spinors are following two
(s1, s2, s3, s4) = (+,+,−,−), (−,−,+,+), (3.13)
which indicates N = 2 supersymmetry.
(V) C4/Zn
We consider the case where all the nA are generic.
First, we seek for solutions preserving N = 6 supersymmetry. As discussed above,
two of the sA are 1/2 while others are −1/2 from (3.3), and it makes six combinations.
Thus, the solution for {sA} should be the following six
(s1, s2, s3, s4) = (+,+,−,−), (−,−,+,+), (+,−,+,−), (−,+,−,+),
(−,+,+,−), (+,−,−,+)
In order to for these six to be all solutions, {nA} must satisfy following three conditions,
1
n1
+
1
n2
−
1
n3
−
1
n4
= 2Z
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1n1
−
1
n2
+
1
n3
−
1
n4
= 2Z
1
n1
−
1
n2
−
1
n3
+
1
n4
= 2Z (3.14)
The solution of these equations are
(n1, n2, n3, n4) = (n, n, n, n).
Though (2, 2,−2,−2) is also a solution, it is equivalent to (2, 2, 2, 2).
Next, we seek for solutions preserving N = 4 supersymmetry. As discussed above, two
of the sA are 1/2 while others are −1/2 from (3.3). First, let (s1, s2, s3, s4) = (+,−,+,−)
be a solution. Then, (s1, s2, s3, s4) = (−,+,−,+) is also a solution. In order to preserve
N = 4 supersymmetry, one more pair should be a solution, which we suppose (+,−,−,+)
and (−,+,+,−) without loss of generality. Then, the conditions which {nA} should satisfy
are
1
n1
−
1
n2
+
1
n3
−
1
n4
= 2Z,
1
n1
−
1
n2
−
1
n3
+
1
n4
= 2Z (3.15)
The solution of these equations are only
(n1, n2, n3, n4) = (n, n,m,m).
Especially important example is (n, n,−n,−n), which we will investigate in detail in the
following section.
There are plenty of orbifold action preserving N = 2 supersymmetry. One of the most
important example is
(n1, n2, n3, n4) = (n, n, n, 3n),
which is discussed for n = 1 in the last section of [6].
Summary
Here, we summarize the results. The Zn orbifold actions preserving N = 6 SUSY are
(n1, n2, n3, n4) = (n, n, n, n). (3.16)
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The Zn orbifold actions preserving N = 4 SUSY are
(n1, n2, n3, n4) = (n, n,∞,∞), (n, n,m,m), (2,−2, 1,∞) (3.17)
The orbifold actions preserving N = 2 SUSY are infinitely many. For example,
(n1, n2, n3, n4) = (n,−n,∞,∞), (2n, 2n, n,∞), (6n, 3n, 2n,∞),
(12n, 4n, 3n,∞), · · · , (n, n, n, 3n), · · · (3.18)
4 Moduli spaces of several orbifold gauge theories
In this section, we study several examples of orbifold gauge theories which have N = 4
supersymmetry. We consider the following three cases:
(n1, n2, n3, n4) = (n, n,−n,−n), (n, n,∞,∞), (n, n, n, n).
We construct orbifold gauge theory corresponding to them, write quiver diagrams, and
calculate moduli spaces of them.
4.1 Orbifold gauge theory I
In this section, we consider Zn orbifold by the action
yA → e2pii/nAyA
with
(n1, n2, n3, n4) = (n, n,−n,−n).
This is the special case for (n, n,m,m) discussed in the previous section, and is a subgroup
of the SU(4)R symmetry. As we will discuss later, we assume that Chern-Simons coupling
k before orbifolding is quantized by n as k = k′n where k′ ∈ Z in order to construct a
consistent orbifold gauge theory. As this Zn action commutes with SU(2) × SU(2) ∼
SO(4) symmetry, which is a subgroup of the SU(4)R symmetry, this theory indeed has
N = 4 supersymmetry.
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According to (2.2), we put
y1 = Z1, y2 = Z2, y3 = W †1, y4 =W †2. (4.1)
Then, this orbifold action can be rewritten as
Z1 → e2pii/nZ1, Z2 → e2pii/nZ2, W †1 → e−2pii/nW †1, W †2 → e−2pii/nW †2.
Taking account that ψA are transformed by the SU(4)R transformation in the opposite
way as yA, we can also write this action on the fermions using (2.3) as
ζ2 → e−2pii/nζ2, ζ1 → e−2pii/nζ1, ω†2 → e2pii/nω†2, ω†1 → e2pii/nω†1.
We note that we cannot write this Zn action in terms of superfields because this Zn action
is not compatible with supersymmetry which is manifest in the superspace formalism in
this notation. Actually, if we put y1 = Z1, y2 = W †1, y3 = Z2, y4 = W †2 instead
of (4.1), we could write this Zn action in terms of superfields (2.1) as Z1 → e2pii/nZ1,
Z2 → e−2pii/nZ2, W1 → e−2pii/nW1, W2 → e2pii/nW2. However, in order for simplicity of
the calculation of the moduli space, we take the convention (4.1).
In order to construct orbifold gauge theory by Zn, we introduce nN M2 branes, which
means that ZA and WA are now nN × nN matrix. Then, we impose the condition that
n sets of N M2 branes are put at the position of mirror image each other. Conditions
imposed on ZA and WA due to this orbifolding are [28, 24, 6]
ZA = e2pii/nΩZAΩ†, WA = e2pii/nΩWAΩ†,
ζA = e−2pii/nΩζAΩ†, ωA = e−2pii/nΩωAΩ†,
Aµ = ΩAµΩ†, Aˆµ = ΩAˆµΩ†, (4.2)
where Ω is defined as
Ω = diag(1N×N , e
2pii/n1N×N , e
4pii/n1N×N , · · · e
2pii(n−1)/n1N×N ).
This condition indicates that when n sets of N M2 branes are exchanged by Ω, the phase
factor arises, which is exactly the condition for mirror image.
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This method of constructing orbifold gauge theory is known to work quite well for
world volume theory of D-branes [28], but is not justified a priori for that of M2 branes.
However, taking account that orbifold theory of M2 branes should reproduce that of D2
branes at the place far from the orbifold fixed point in the moduli space, it is plausible
to assume that this method is applicable also for the M2 brane case as performed in
[24], where consistent remaining supersymmetry and the D2 brane limit were observed.
Indeed, we will see later that moduli space of the theory constructed by this method is
consistent with the assumption that this theory is the world volume theory of the M2
branes probing the orbifolded space 5.
Solving the conditions (4.2), we have
ZA =


0 ZA1
0 ZA2
. . .
. . .
0 ZAn−1
ZAn 0

 , W
A =


0 WA1
0 WA2
. . .
. . .
0 WAn−1
WAn 0


ζA =


0 ζAn
ζA1 0
ζA1 0
. . .
. . .
ζAn−1 0

 , ω
A =


0 ωAn
ωA1 0
ωA1 0
. . .
. . .
ωAn−1 0


Aµ = diag(Aµ1 , A
µ
2 , · · ·A
µ
n), Aˆ
µ = diag(Aˆµ1 , Aˆ
µ
2 , · · · Aˆ
µ
n) (4.3)
Gauge symmetries and matter contents are conveniently summarized by quiver diagram
as in Figure 1. The situation is different whether n is even or odd. When n is even, Z2
subgroup, which invert the sign of the matter fields, of the Zn orbifold action are already
included in the Zk action of the original ABJM theory because k = k
′n as we will see
later. In other words, the orbifold action which we are considering are redundant, and
thus, the quiver gauge theory constructed above are not good description. Reflecting this
fact, the quiver diagram divides into two parts when n is even. Similar situation occurs
5There is some subtlety when k′ and n are not coprime, as we will see later.
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U(N)i+11
U(N)i−11
U(N)i1
U(N)i+12
U(N)i−12
U(N)i2
.
.
.
.
.
.
ZAi
ZAi−1
ωAi
ωAi−1 ζ
A
i−1
ζAi
WAi−1
WAi
Figure 1: Quiver diagram I
in the orbifold gauge theory for usual D-brane when we formally impose the constraint of
orbifold to the theory already orbifolded by the same discrete action.
It does not happen when n is odd. In the following, we concentrate on the odd case.
Here, the important point is that the action have to be multiplied by 1/n 6, which
is explained as follows. For example, in the branch 3 in (4.12), where the M2 brane is
far away from the orbifold singularity, the gauge groups are spontaneously broken from
(U(1)× U(1))n into U(1)b˜, under which no matter fields are charged. By expanding the
fields around this point in the moduli space, and substituting these into the original
unorbifolded action, we obtain the usual U(1) action multiplied by n [29]. In order to
reproduce correct membrane tension in this phase, the action have to be multiplied by
6We thank Koji Hashimoto for the discussion on this point.
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1/n from the beginning;
S =
1
n
∫
d3x
[
k
4pi
εµνλTr
(
Aµ∂νAλ +
2i
3
AµAνAλ
)
+ · · ·
]
(4.4)
Thus, the Chern-Simons coupling for each gauge group is k′ = k/n, where k is the
original Chern-Simons coupling before the orbifolding. In order to construct a consistent
orbifold gauge theory, k′ must be an integer, which means that k must be quantized by
n. Therefore, our orbifolded gauge theory will represent M2 branes on (C4/Zk)/Zn =
C4/(Zk′n × Zn).
From here, we calculate the moduli space of this theory. The bosonic potential of the
ABJM theory consists of the one originates from F term, which we denote VF , and the
one originates from D term, which we denote VD. They are rewritten as
VD =
4pi2
k2
Tr
[
(ZAZ†A −W
†AWA)Z
B − ZB(Z†AZ
A −WAW
†A)
]
[
(ZCZ†C −W
†CWC)Z
B − ZB(Z†CZ
C −WCW
†C)
]†
+
4pi2
k2
Tr
[
(WAW †A − Z
†AZA)W
B −WB(W †AW
A − ZAZ
†A)
]
[
(WCW †C − Z
†CZC)W
B −WB(W †CW
C − ZCZ
†C)
]†
VF = −
16pi2
k2
Tr
[
WAZ
BWC −WCZ
BWA
] [
WAZ
BWC −WCZ
BWA
]†
−
16pi2
k2
Tr
[
ZAWBZ
C − ZCWBZ
A
] [
ZAWBZ
C − ZCWBZ
A
]†
(4.5)
The conditions for supersymmetric vacua are VD = 0 and VF = 0, The former are little
bit different form the usual form of D term condition and can be simplified as
(ZAZ†A −W
†AWA)Z
B − ZB(Z†AZ
A −WAW
†A) = 0
(WAW †A − Z
†AZA)W
B −WB(W †AW
A − ZAZ
†A) = 0 (4.6)
On the other hand, the latter can be rewritten in the same form as the usual F term
conditions as
WAZ
BWC −WCZ
BWA = 0
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ZAWBZ
C − ZCWBZ
A = 0, (4.7)
By substituting (4.3) into (4.6) and (4.7), we calculate the moduli space of this theory.
The condition (4.6) from the D term is given by
(ZAi Z
†
iA −W
†A
i−1Wi−1A)Z
B
i = Z
B
i (Z
†
iAZ
A
i −Wi+1AW
†A
i+1)
(WAi W
†
iA − Z
†A
i−1Zi−1A)W
B
i = W
B
i (W
†
iAW
A
i − Zi+1AZ
†A
i+1) (i = 1, · · ·n) (4.8)
while the F term condition (4.7) is given by
ZAi−1W
B
i Z
C
i+1 = Z
C
i−1W
B
i Z
A
i+1
WAi−1Z
B
i W
C
i+1 =W
C
i−1Z
B
i W
A
i+1, (i = 1, · · ·n) (4.9)
In the following, we limit the Abelian case, that is, N = 1. In this case, these conditions
are simplified as follows. The conditions from the D term are given by
(W †Ai−1Wi−1A −Wi+1AW
†A
i+1)Z
B
i = 0,
(Z†Ai−1Zi−1A − Zi+1AZ
†A
i+1)W
B
i = 0. (i = 1, · · ·n) (4.10)
while F term conditions are given by
WBi (Z
A
i−1Z
C
i+1 − Z
A
i+1Z
C
i−1) = 0,
ZBi (W
A
i−1W
C
i+1 −W
A
i+1W
C
i−1) = 0. (i = 1, · · ·n) (4.11)
Actually, solutions of these equations have various branches like
1. Z = 0, W : arbitrary
2. W = 0, Z : arbitrary
3. W †Ai−1Wi−1A = Wi+1AW
†A
i+1, Z
†A
i−1Zi−1A = Zi+1AZ
†A
i+1
WAi−1W
B
i+1 = W
A
i+1W
B
i−1, Z
A
i−1Z
B
i+1 = Z
A
i+1Z
B
i−1 (4.12)
Existence of the first and the second branch is quite natural. Remember that there are
two kinds of orbifold action; the Zk action
7, which has already acted on the original ABJM
7As we will see later, we have to assume that k′ and n are coprime, where k = nk′, in order that this
Zk action are reflected to the moduli space.
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theory, and the Zn action, which we are now considering. The points satisfying Z = 0 are
orbifold singularities because the combination k′Zk+Zn acts trivially on such region, and
thus, the first branch appears there. In this branch, the moduli space will be an orbifold
of (C2)n becauseW is arbitrary. This implies that there are n objects with TM2/n tension,
where TM2 is a M2 brane tension. In the usual D-brane case, corresponding degrees of
freedom appears at an orbifold fixed point as fractional D-branes [30]. Thus, also in this
case, we could interpret that it is due to the existence of “fractional membranes”.
In the following, we concentrate on the third branch . For solving the equations for
Z, we put
ZAi = r
A
i e
iθAi (4.13)
and substitute this into the above equations. Then, we obtain
r1i−1r
2
i+1 = r
2
i−1r
1
i+1 →
r1i−1
r2i−1
=
r1i+1
r2i+1
≡ c
ei(θ
1
i−1+θ
2
i+1) = ei(θ
2
i−1+θ
1
i+1) → θ1i−1 + θ
2
i+1 = θ
2
i−1 + θ
1
i+1, (mod 2pi)
→ θ2i+1 − θ
1
i+1 = θ
2
i−1 − θ
1
i−1 ≡ θ
(r1i−1)
2 + (r2i−1)
2 = (r1i+1)
2 + (r2i+1)
2 → (1 + c2)(r2i−1)
2 = (1 + c2)(r2i+1)
2
→ rAi−1 = r
A
i+1 ≡ r
A (4.14)
Especially, for n odd, we have
rAi = r
A, θ2i − θ
1
i = θ, (4.15)
for arbitrary i. The analysis for W is the same as this. We obtain the solution
Z1i = r
1eiθi , Z2i = r
2ei(θi+θ), W 1i = R
1eiφi , W 2i = R
2ei(φi+φ). (4.16)
At this stage, we do not consider the gauge symmetry. In order to obtain the moduli
space, we consider the remaining gauge symmetry, which is a subgroup of U(n)1×U(n)2.
The remaining gauge symmetry transformation should compatible with the orbifold action
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Zn. The U ∈ U(n)1 and Uˆ ∈ U(n)2 commute with the orbifold action if they satisfy the
following conditions
Ω−1UΩ = aU, Ω−1UˆΩ = aUˆ, (4.17)
where a is an arbitrary phase factor. Due to this phase factor, the remaining gauge
symmetries which are compatible with the orbifold action are both (U(1)× U(1))n given
in Figure 1 and the following global discrete symmetry generated by
U = Uˆ = S,
where
S =


0 1
0 1
. . .
. . .
0 1
1 0

 . (4.18)
This transformation changes the indices of U(1)i1 ×U(1)
i
2 into those of U(1)
i+1
1 ×U(1)
i+1
2
and act on each field as
ZA → SZAS† =


0 ZA2
0 ZA3
. . .
. . .
0 ZAn
ZA1 0


WA → SWAS† =


0 WA2
0 WA3
. . .
. . .
0 WAn
WA1 0

 . (4.19)
We call this Zn symmetry shift symmetry.
At this stage, seemingly remaining gauge symmetry is (U(1) × U(1))n and the shift
symmetry. Although actual gauge symmetry is a subgroup of this symmetry due to
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the quantization condition of the Chern-Simons term, the invariant combination under
(U(1)×U(1))n and the shift symmetry becomes at least moduli parameter. Actual moduli
space is larger than the space parametrized by the parameters.
At this stage, we can say that the following seven are moduli parameters.
r1 ≡ |ZA=1i |, r
2 ≡ |ZA=2i |, R
1 ≡ |WA=1i |, R
2 ≡ |WA=2i |,
eiθ ≡
ZA=2i
ZA=1i
/∣∣∣∣ZA=2iZA=1i
∣∣∣∣ , eiφ ≡ WA=2iWA=1i
/∣∣∣∣WA=2iWA=1i
∣∣∣∣ ,
ei
P
j(θ
j+φj) ≡
n∏
j=1
ZA=1j W
B=1
j
/∣∣∣∣∣
n∏
j=1
ZA=1j W
B=1
j
∣∣∣∣∣ (4.20)
In [5], the Higgsing of U(N) × U(N) to
∏
i U(1)
i
1 × U(1)
i
2 in the ABJM theory was
considered. In this case, (anti-)bifundamental matters Z i and W i are charged under
U(1)i1 × U(1)
i
2. For each i, no matters are charged under U(1)
i
1 + U(1)
i
2 and the corre-
sponding gauge fields couple only through the Chern-Simons term. Thus, we can dualize
these N gauge fields and the corresponding N constraints appear.
Situation is different in our model. In this case, (anti-)bifundamental matters Z i and
W i are charged under U(1)i1 × U(1)
i+1
2 and U(1)
i+1
1 × U(1)
i
2, respectively. Thus, only∑
i U(1)
i
1 + U(1)
i
2, which we denote U(1)b˜, is a combination of symmetries under which
no matter fields are charged. The corresponding combination of gauge fields
Aµ
b˜
= Tr(AµU(n)1 + Aˆ
µ
U(n)2
) =
∑
i
(
Aµ1i + Aˆ
µ
2i
)
(4.21)
couples through Chern-Simons term with
Aµb = Tr(A
µ
U(n)1
− AˆµU(n)2) =
∑
i
(
Aµ1i − Aˆ
µ
2i
)
. (4.22)
Actually, invariant combinations under the shift symmetry are only U(1)b and U(1)b˜.
Thus it is natural to impose quantization condition only to this invariant combination.
Because Aµ
b˜
is invariant under the shift symmetry and does not couple to matter fields,
we can dualize this field. That is, by adding
S =
1
2pi
∫
τ(x)εµνρ∂
µF νρ
b˜
,
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where τ(x) is a Lagrange multiplier, we can regard Fb˜ as an elementary field instead of
Ab˜. Here, we see that τ(x) has to be periodic as
τ(x) ∼ τ(x) + 2pi
from the quantization condition
1
2
∫
εµνρ∂
µF νρ
b˜
=
∫
M
dFb˜ =
∫
∂M
Fb˜ = 2piZ.
Normalization of the last equality is followed by the normalization of (4.21).
As Fb˜ is an auxiliary field, we can integrate it out. As an equation of motion for Fb˜ is
Aµb (x) =
1
k′
∂µτ(x),
when the gauge transformation act on gauge field as
Aµb (x)→ A
µ
b (x) + ∂
µα(x),
τ(x) is transformed as
τ(x)→ τ(x) + k′α(x).
With the normalization of (4.22), we find that α(x) ∼ α(x) + 2pi. Thus, when we gauge
fix as τ(x) = 0, the gauge transformation
α(x) =
2pim
k′
still remains. From the above discussion, we found that U(1)b symmetry is broken to Zk
symmetry
(θ1, θ2, · · · θn, φ1, φ2, · · ·φn)
→
(
θ1 +
2pi
k′
, θ2 +
2pi
k′
, · · · , θn +
2pi
k′
, φ1 −
2pi
k′
, φ2 −
2pi
k′
, · · · , φn −
2pi
k′
)
. (4.23)
On the other hand, traceless U(1)2(n−1) symmetries, which is included in SU(n) ×
SU(n) ⊂ U(n)× U(n) still remains as a gauge symmetry.
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If the discussion above is justified, a new moduli parameter other than (4.20) is
ei
P
j(θj−φj)
but under the equivalence relation (4.23). Combined with a moduli parameter ei
P
j(θj+φj)
in (4.20), we can regard
ei
P
j θj ≡
n∏
j=1
ZA=1j
/∣∣∣∣∣
n∏
j=1
ZA=1j
∣∣∣∣∣
ei
P
j φj ≡
n∏
j=1
WB=1j
/∣∣∣∣∣
n∏
j=1
WB=1j
∣∣∣∣∣ (4.24)
as basis of moduli parameters.
In summary, moduli parameters at this stage are
r1, r2, R1, R2, eiθ, eiφ, eiΘ, eiΦ (4.25)
under the equivalence relation (4.23), where we put Θ =
∑
j θj and Φ =
∑
j φj.
Considering the metric of the moduli space in terms of these coordinates (4.25), we
obtain
ds2 = (dr1)2 + (dr2)2 + (dR1)2 + (dR2)2
+(r1)2
[
d
(
Θ
n
)]2
+ (r2)2
[
d
(
Θ
n
+ θ
)]2
+(R1)2
[
d
(
Φ
n
)]2
+ (r2)2
[
d
(
Φ
n
+ φ
)]2
, (4.26)
where we restricted the scalar kinetic term to the subspace defined by (4.15) and gauged
away the (U(1) × U(1))n−1 parts which are parametrized by θi − θi+1 and φi − φi+1.
Thus, we find Cn×Cn orbifold structure. The moduli space is parametrized by following
coordinates;
Z1 = r1 exp
(
i
Θ
n
)
, Z2 = r2 exp
(
i
Θ
n
+ θ
)
,
W 1 = R1 exp
(
i
Φ
n
)
, W 2 = R2 exp
(
i
Φ
n
+ φ
)
, (4.27)
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where Θ ∼ Θ+ 2pi and Φ ∼ Φ+ 2pi. Indeed, the moduli parameters are identified by the
Cn ×Cn which transform ZA and WA independently. Changing the basis of this discrete
action, we can see that the moduli parameters are identified by the following actions;
(
ZA, WA
)
→
(
e2pii/nZA, e−2pii/nWA
)
(4.28)(
ZA, WA
)
→
(
e2pii/nZA, e2pii/nWA
)
. (4.29)
Rewriting the identifications (4.23), (4.28), and (4.29) in terms of the complex coor-
dinates yA, we have
(y1, y2, y3, y4)→ (e
2pii
k′ y1, e
2pii
k′ y2, e
2pii
k′ y3, e
2pii
k′ y4), (4.30)
(y1, y2, y3, y4)→ (e
2pii
n y1, e
2pii
n y2, e
2pii
n y3, e
2pii
n y4), (4.31)
(y1, y2, y3, y4)→ (e
2pii
n y1, e
2pii
n y2, e
−2pii
n y3, e
−2pii
n y4). (4.32)
Thus, the moduli space is C4/ (Zk′ × Zn × Zn).
As discussed previously, in order to construct a consistent orbifold gauge theory, we
have to assume that k is quantized by n, which plays a crucial role to the analysis of
the moduli space. We see that the Zk′ action (4.30), where k = k
′n, and the Zn action
(4.31) are subgroups of the original Zk action. Especially, if we assume that k
′ and n
are coprime, the original Zk action can be decomposed into these two discrete groups as
Zk′ × Zn. On the other hand, the Zn action (4.32) reflects the Zn orbifold action which
we are considering. Thus, if k′ and n are coprime, we find that the moduli space of this
theory is consistent with the fact that the M2-brane probes C4/(Zk × Zn), where Zk act
complex coordinates yA as
(y1, y2, y3, y4)→ (e
2pii
n y1, e
2pii
n y2, e
−2pii
n y3, e
−2pii
n y4).
while Zk act as
(y1, y2, y3, y4)→ (e
2pii
k y1, e
2pii
k y2, e
2pii
k y3, e
2pii
k y4).
This is the expected results.
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However, if k′ and n are not coprime, we could not obtain the expected moduli space by
our analysis. It indicates the lack of our understanding of the orbifolding of the membrane
action.
4.2 Orbifold gauge theory II
In this subsection, we consider Zn orbifold by the action
yA → e2pii/nAyA
with
(n1, n2, n3, n4) = (n, n,∞,∞),
which is discussed in [6]. We can see as in the previous subsection that this theory has
also N = 4 supersymmetry. By using (4.1), we can write this action in terms of fields as8
ZA → e2pii/nZA, WA →WA, ζA → ζA, ωA → e−2pii/nωA. (4.33)
This action is actually the combination of the action
ZA → e2pii/2nZA, WA → e−2pii/2nWA, ζA → e−2pii/2nζA, ωA → e2pii/2nωA,
which is a subgroup of SU(4)R symmetry and the action
ZA → e2pii/2nZA, WA → e2pii/2nWA, ζA → e2pii/2nζA, ωA → e2pii/2nωA,
which is a subgroup of U(1)b˜ symmetry.
Conditions imposed on ZA and WB due to this orbifolding are
ZA = e2pii/nΩZAΩ†, WA = ΩWAΩ†, ζA = e−2pii/nΩζAΩ†, ωA = ΩωAΩ†
Aµ = ΩAµΩ†, Aˆµ = ΩAˆµΩ† (4.34)
8Similarly to the situation in the previous subsection, we could write equivalent action in terms of
superfields as
Z1 → e2pii/nZ1, W1 → e−2pii/nW1, Z2 → Z2, W2 →W2,
which we do not use this convention.
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Solving these conditions, we have
ZA =


0 ZA1
0 ZA2
. . .
. . .
0 ZAn−1
ZAn 0

 , W
A = diag(WA1 ,W
A
2 , · · · ,W
A
n )
ζA = diag(ζA1 , ζ
A
2 , · · · , ζ
A
n ), ω
A =


0 ωAn
ωA1 0
ωA2 0
. . .
. . .
ωAn−1 0


Aµ = diag(Aµ1 , A
µ
2 , · · ·A
µ
n), Aˆ
µ = diag(Aˆµ1 , Aˆ
µ
2 , · · · Aˆ
µ
n) (4.35)
Gauge symmetries and matter contents are conveniently summarized by quiver diagram
as in Figure 2.
In order to calculate moduli space, we solve (4.6) and (4.7) by substituting (4.35).
The conditions from the D term (4.6) are given by
(ZAi Z
†
iA −W
†A
i WiA)Z
B
i = Z
B
i (Z
†
iAZ
A
i −Wi+1AW
†A
i+1)
(WAi W
†
iA − Z
†A
i−1Zi−1A)W
B
i =W
B
i (W
†
iAW
A
i − ZiAZ
†A
i ) (i = 1, · · ·n) (4.36)
while the F term conditions (4.7) are given by
ZAi W
B
i+1Z
C
i+1 = Z
C
i W
B
i+1Z
A
i+1
WAi Z
B
i W
C
i+1 =W
C
i Z
B
i W
A
i+1, (i = 1, · · ·n) (4.37)
Here, again, we concentrate on the Abelian case and these two conditions are simplified
as
ZBi (Wi+1AW
†A
i+1 −WiAW
†A
i ) = 0
WBi (ZiAZ
†A
i − Zi−1AZ
†A
i−1) = 0 (i = 1, · · ·n) (4.38)
and
WBi+1(Z
A
i Z
C
i+1 − Z
A
i+1Z
C
i ) = 0
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U(N)i+11
U(N)i−11
U(N)i1
U(N)i+12
U(N)i−12
U(N)i2
.
.
.
.
.
.
ZAi
ZAi−1
WAi
WAi−1
WAi+1
ωAi−1
ωAi
ζAi+1
ζAi
ζAi−1
Figure 2: Quiver diagram II
ZBi (W
A
i W
C
i+1 −W
A
i+1W
C
i ) = 0, (i = 1, · · ·n) (4.39)
Actually, solutions of these equations have various branches like
1. Z = 0, W :arbitrary
2. W = 0, Z :arbitrary
3. WAi W
†A
i = Wi+1AW
†A
i+1, ZiAZ
†A
i = Zi+1AZ
†A
i+1
WAi W
B
i+1 =W
A
i+1W
B
i , Z
A
i Z
B
i+1 = Z
A
i+1Z
B
i .
We concentrate on the third branch. We put
ZAi = r
A
i e
iθAi (4.40)
and substitute this into the above equations. Then, we obtain
r1i r
2
i+1 = r
2
i r
1
i+1 →
r1i
r2i
=
r1i+1
r2i+1
≡ c
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ei(θ
1
i+θ
2
i+1) = ei(θ
2
i+θ
1
i+1) → θ1i + θ
2
i+1 = θ
2
i + θ
1
i+1, (mod 2pi)
→ θ2i+1 − θ
1
i+1 = θ
2
i − θ
1
i ≡ θ
(r1i )
2 + (r2i )
2 = (r1i+1)
2 + (r2i+1)
2 → (1 + c2)(r2i )
2 = (1 + c2)(r2i+1)
2
→ rAi = r
A
i+1 ≡ r
A (4.41)
In this theory, we obtain, regardless of the parity of n,
rAi = r
A, θ2i − θ
1
i = θ
for arbitrary i. The analysis for W is the same as this and we find
RAi = R
A, φ2i − φ
1
i = φ .
Thus we obtain the solution
Z1i = r
1eiθi , Z2i = r
2ei(θi+θ), W 1i = R
1eiφi , W 2i = R
2ei(φi+φ). (4.42)
In the following, we consider remaining gauge symmetry. The existence of the global
shift symmetry and the breakdown of U(1)b symmetry into Zk′ due to the quantization
of the Chern-Simons term can be discussed similarly to the previous subsection. Then,
the moduli parameters are given by (4.27). Assuming that k′ and n are coprime, we see,
by changing the basis of the discrete action, that the moduli parameters are identified by
the action
(
ZA, WA
)
→
(
e2pii/nZA, e−2pii/nWA
)
(4.43)(
ZA, WA
)
→
(
e2pii/nZA, WA
)
. (4.44)
Thus, together with the equivalence relation (4.23), we see that the moduli space is
C4/(Zk × Zn), where Zk act on complex coordinate yA as
(y1, y2, y3, y4)→ (e
2pii
k y1, e
2pii
k y2, e
2pii
k y3, e
2pii
k y4).
while Zn act as
(y1, y2, y3, y4)→ (e
2pii
n y1, e
2pii
n y2, y3, y4).
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This is consistent with the orbifold action.
This result is also consistent with the result of [10], in which it was discussed that the
moduli space of this theory for k′ = 1 is C4/(Zn × Zn) = (C
2/Zn)
2
.
Actually, if n is odd, this theory is essentially the same as that of the case of “Orbifold
gauge theory I” under the condition that k is quantized by n and that k′ and n are
coprime, where k = k′n. By changing the basis of the orbifold action, we see that the
Zn × Zk = Zn × Zn × Zk′ action of this theory is equivalent to that of “Orbifold gauge
theory I”.
4.3 Orbifold gauge theory III ?
In this subsection, we consider the orbifold gauge theory by the Zn action
yA → e2pii/nyA. (4.45)
Because this action commutes with SU(4)R symmetry, N = 6 supersymmetry preserves.
Rewritten in terms of superfields, this action becomes
ZA → e2pii/nZA, WA → e−2pii/nWA.
Similarly to the previous section, we impose the conditions
ZA = e2pii/nΩZAΩ†, WA = e−2pii/nΩWAΩ†, V = ΩVΩ†, V˜ = ΩV˜Ω†. (4.46)
Solving these equations, we obtain
ZA =


0 ZA1
0 ZA2
. . .
. . .
0 ZAn−1
ZAn 0

 , W
A =


0 WAn
WA1 0
WA2 0
. . .
. . .
WAn−1 0


V = diag(V1,V2, · · · Vn), Vˆ = diag(Vˆ1, Vˆ2, · · · Vˆn) (4.47)
The result described in the quiver diagram is Figure 3. We obtain n sets of decoupled
original U(N) × U(N) theory. Strictly speaking, they are not completely decoupled to
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U(N)i+11
U(N)i−11
U(N)i1
U(N)i+12
U(N)i−12
U(N)i2
.
.
.
.
.
.
Z iA
Z i−1A
W iA
W i−1A
Figure 3: Quiver diagram III
each other but related only through the shift symmetry. This is not expected results from
the orbifold action.
As discussed in the previous section, the Chern-Simons coupling k before orbifolding
have to be quantized by n. This means that the left hand side and the right hand side
of the orbifold action (4.45) are already identified before orbifolding. That is the reason
why we obtained the unexpected results. The situation is similar to the case where n is
even in “Orbifold gauge theory I”.
5 Conclusion
In this paper, we have studied the Zn orbifolds of the ABJM theory with U(N) × U(N)
gauge group. Besides the models discussed in [6] we found, for example, the N = 4
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supersymmetric membrane theory on C4/(Zk×Zn).9 The orbifold actions were taken as in
the orbifold of the D-brane world volume theory, where the bi-fundamental representation
of U(N) × U(N) are regarded as the adjoint representation of U(N).
In order to verify the orbifold theories indeed describe the membranes on C4/(Zk×Zn),
we analyzed the moduli spaces of them. Here, we had to assume that k is given by k = nk′,
where k′ is integer, in order to construct a consistent orbifold gauge theory. Together with
the assumption that n and k′ are coprime, the moduli spaces were shown to agree with
the orbifolded space. However, if the n and k′ are not coprime, we could not obtain
an expected result. Solving this problem will be an interesting future work. It is also
interesting to extend our work to non-Abelian orbifolds.
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